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Abstract� In the paper we want to pay attention to the WZ factorization � a manner
for solving linear equations which apear in modelling of computer and communica�
tion networks with Markov chains� We present two approaches to that factorization
� speci�c ones for solving Markov chains� We present results of the numerical expe�
riments for these two algorithms� Namely� the probability vector was computed in
those two ways for a transition matrix generated with suitable tools �for the beha�
voiur of a simple optical switch� and accuracy of both manners was compared�

� Introduction

A queuing network model represents a computer network as a system of service stations with
customers moving among them� The service stations are resources of the given system� The
customers �served at the service stations� are jobs for the system or information packages�

Probabilistic methods are the most useful ones of the mathematical methods to describe
queuing models� Every probabilistic model can be approximated �with an arbitrary accuracy�
with a Markov model �where the model state in a time moment depends only on the state in
the directly previous moment��

A continuous time Markov chain can be described with a single matrix Q � �qij���i�j�n
called the transition rate matrix �or the in�nitesimal generator� given by�

qij�t� � lim
�t��

pij�t� t��t�

�t
for i �� j�

qii�t� � �
X
j ��i

qij�t�

where pij�t�� t�� is the probability that when the model is in the state i in the moment t� the
transition occurs to the state j before the moment t��

We are to �nd ��t� 	 the �horizontal� vector of the probabilities �i�t� that the system is in
the state i at the time t�


��



If we are given a steady
state �i�e� there exists � � limt�� ��t�� homogeneous �i�e�Q didn�t
depends on t� probability distribution �what we can often assume� to �nd �� we are to solve
a linear system with some constraints�

�Q � �� � � �� �e � � ���

where e � ��� �� � � � � ��T

The matrix Q is a square n � n matrix �usually a huge one�� of the rank �n � �� �in
interesting for us� homogenous cases�� with the dominant diagonal� It is singular� so we need
appropriate approaches to the system ����

There are indirect methods that are widely used 	 like iterative and projection methods�
However� sometimes we need a direct method �when we need the most accurate results� for
example�� The most popular of the direct methods are the LU factorization method and its
relatives�

In this article we want to present another direct method for solving ���� namely the WZ
factorization method which can be faster for matrices with the dominant diagonal 	 as was
shown in ���� In Section � we present the WZ factorization and in Section 
 we present a
sequential algorithm for solving linear systems with the WZ factorization� In section � we
describe two approaches to solving ��� 	 both of them use the WZ factorization� Section �
contains numerical algorithms described in Section � and details of implementation of these
algorithms� In Section � we present the conclusion�

� The WZ Factorization

In this section we describe shortly the WZ factorization and the method for solving a linear
system

Ax � b where A � Rn�n� b � Rn

with the WZ factorization�
The WZ factorization is described in �
� ��� A �WZ� where matrices W and Z consist of

the following columns wi and rows zTi respectively�

wi � ��� � � � � �� �� �z �
i

� wi���i� � � � � wn�i�i� �� � � � � ��
T i � �� � � � � m�

wi � ��� � � � � �� �� �z �
i

� �� � � � � ��T i � p� q�

wi � ��� � � � � �� �z �
n�i��

� wn�i���i� � � � � wi���i� �� �� � � � � ��
T i � q � �� � � � � n�

zTi � ��� � � � � �� �z �
i��

� zii� � � � � zi�n�i��� �� � � � � �� i � �� � � � � p�

zTi � ��� � � � � �� �z �
n��

� zi�n�i��� � � � � zii� �� � � � � �� i � p� �� � � � � n�

���

where
m � b�n� ����c� p � b�n� ����c� q � d�n � ����e�

After factorization we can solve two linear systems�

Wc � b� �
�

Zx � c� ���
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�where c is an auxiliary vector� instead of one ����

� Sequential Algorithm for WZ Factorization

The WZ method algorithm for solving linear systems consist of two parts� reduction of the
matrix A �and the vector b� to the matrix Z �and the vector c� and next solving equation
���� The �rst part consists in partial zeroing of columns of the matrix A� In the �rst step we
zero elements from the �nd to n� �st in the �st and nth column� Next� we update the matrix
A and the vector b� Formally we can write this �after �
� ��� for k � �� � � � � m��

Step k��� We compute wi� and win �for i � �� � � � � n� �� from the linear system��
a��k���kwi���k � an�k���kwi�n�k � �ai���k�
a��k�n�kwi���k � an�k�n�kwi�n�k � �ai�n�k�

Step k��� We compute

�for i� j � � � k� � � � � n� �� k��

a
�k���
i�j � a

�k�
i�j � wi���ka

�k�
��k�j � wi�n�ka

�k�
n�k�j�

b
�k���
i � b

�k�
i � wi���kb

�k�
��k � wi�n�kb

�k�
n�k�

After m � � such steps we get the matrix Z � A�m����
�as de�ned in ���� and the vector c � b�m����
We get

W�m� � � � � �W��� �A � Z

so

A � fW�m�g�� � � � � � fW���g�� � Z �WZ�

The second part of the method is to solve a linear system ���� This part consists in solving
a linear system with two unknown quantities xp and xq and next

updating the vector b� Formally we can describe this for the
kth step �k � �� � � � � m��

Step k��� We �nd xp�k and xq�k from the system��
zp�k�p�kxp�k � zp�k�q�kxq�k � c

�k�
p�k�

zq�k�p�kxp�k � zq�k�q�kxq�k � c
�k�
q�k�

���

Step k��� We compute �for i � � � k� � � � � p� �� q � �� � � � � n� k��

c
�k���
i � c

�k�
i � zi�p�kxp�k � zi�q�kxq�k�

For the odd n equation system ��� consists in the �rst step of one equation�
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� Algorithms

As we noted above �Section �� we are interested in �nding the vector � from ����
In our case we need to solve a homogenous linear system with n equations and n unknowns�

Such a system has a non
zero solution if and only if the coe�cient matrix is singular� The
matrix Q has a zero eigenvalue ����� so it is singular� Let us assign � � xT and transpose ���
to get�

QTx � �� x � �� eTx � ��

We want to present two approches to solving such a linear system� For both of them we
assume that the Markov chain represented by Q is irreductible �so Q is of rank �n� ����

��� Zero determinant

There exist matrices W and Z described in Section �� meeting an equity QT � WZ and
W is not singular �see �
��� We are to solve an equation WZx � �� with eTx � �� To solve
it we can solve two linear systems� Wy � � and Zx � y� The matrix W is not singular �see
���� so the only solution of Wy � � is y � �� We have only one system Zx � � to solve�

When n is an even number that system has a following form���������
z�� �

�
� �
� �

� z�n
�

	
zpp zpq
zqp zqq

	

�
zn� �

� �
� �

�
� znn

�						


���������

x�
���
xp
xq
���
xn

�							

�

���������

�
���
�
�
���
�

�							

� ���

To solve the system ��� we do as described in Section 
 	 �rst we solve a two
equation
linear system� �

zppxp � zpqxq � ��
zqpxp � zqqxq � ��

���

But zppzqq � zpqzqp � � �it is a � � � determinant of the last step of elimination for the
matrix of rank �n� �� with dominant diagonal�� Moreover� of course � � zqq � zpq � � � � and
zpp � �� � � zqp � � so our system ��� has in�nite number of solutions� We choose an arbitrary
non
zero real number � and set xp � �� Now we can compute other elements of the vector x�

After computing the whole vector x we normalize it to meet the equity eTx � ��
In the case of an odd number n �when p � q� the only di�erence is that the system Zx � �

has the form� ������
z�� �

�
�
�

� z�n
�

	 zpp 	
�

zn� �
�
�

�
� znn

�				

�������

x�
���
xp
���
xn

�					
 �

�������
�
���
�
���
�

�					
 �

There holds zpp � � �it is a �� � determinant of the last step of elimination for the matrix
of rank �n � �� with dominant diagonal� so the equation zppxp � � has in�nite number of
solutions� We can set xp � � �� �� �� and �nd other elements of the vector x�
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After computing the whole vector x we normalize it to meet the equity eTx � ��

��� Replacing an equation

An alternative approach to solving the system ��� is to replace an arbitrary equation of
that system with the normalization equation

eTx � ��

Let eQp be the matrix Q with the pth column replaced with the vector e� Our modi�ed
system can be written�

eQT
p x � ep� where ep � �ei���i�n� ei � �ip

Let eQT
p � fWeZ� Setting eZx � y in the system fWeZx � ep we get fWy � ep from which it

is obvious that y � ep� So now we are to solve the system eZx � ep�
Obviously� it is not necessery to replace the pth equation� but it is optimal from the point

of view of the time complexity �in this case we know the solution of the equation fWy � ep in
advance��

In this algorithm it is not important whether n is odd or even�
This approach is likely to yield a less accurate result than the �rst one� When we compute xp

and xq they will be contaminated with the round
o� errors from all of the previous elimination
steps� Moreover� this will propagate throughout the next backsubstitution steps� In the �rst
method we use an uncontaminated constant � which disappears after normalization�


 The implementation and the numerical experiments

Both the algorithms were implemented for single precision numbers with the use of the lan

guage C ���� Programs were compiled with the compiler gcc with the use of the maximal
opimalization option ��O��� The programs were tested under the Linux operating system on
the computer with the processor Pentium
� ��� GHz and with � GB RAM�

Data for our tests were generated with the library OLYMP ���� They are taken from the
following example model�

Information packages arrives to a bu�er �of an optical switch� of capacity of N � ���
blocks� The packages are of di�erent sizes �sizes are integer� from one block up to �� blocks��
When the bu�or is �lled the bigger �optical� package is formed and sent� The bu�er is then
emptied� We don�t want to divide information from one package between two optical packages
so when an arriving package is to big to �t into the bu�er we send an uncompleted optical
package and package just received starts a new optical package� An uncompleted optical
package is also sent when a given timeout T � � is over� Arriving packages stream has a
Poisson distribution with � � � and the probability that the received package has i blocks is
pi � ����� In our model T is approximated with an Erlang distribution consisting of �� phases
of exponential distribution with � � ���T � ��� because we want to preserve a Markovian
form of this model�

In direct methods of solving equations elimination of one non
zero element in the reuction
phase can cause more non
zero elements to appear where there were zeros� It forces us to
think about storage schemes for sparse matrices �like the one in our example�� However� in
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our example the matrix 	 despite of its sparsity 	 was rather small so we decided to store it
in a traditional 	 dense 	 form� That turned out to be the best way because of the access and
insert time�

The performances of the algorithms were similar �
�� s for �Zero determinant� and ��� s
for �Replacing an equation��� but the di�erence in accuracy is signi�cant �residual norm equal
to ��
���� � ���� for �Zero determinant� and ���
��� � ���� for �Replacing an equation���

� Conclusion

Presented above algorithms for solving linear systems ��� which appear during Markovian
modelling of computer networks are direct methods� They are alternative to iteration and
projection methods and also to the classic LU factorization�

We showed that our algorithms are rather fast for our problem solved on a one
processor
machine� The di�erence is in computation accuracy�

Presented algorithms can by easily parallelized and vectorized ��� �� what can allow us
to solve bigger and more complicated problems �having more complicated mechanisms for
packeges �ow� more complex arriving�servicing distributions etc�� with the Markov chains�
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